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The strength of in-plane magnetic anisotropy is calculated for a homogeneous thin ferromagnetic
film. The anisotropy strength is defined by the balance between two opposing magnetic fields. The
demagnetization field forces the in-plane magnetization alignment. In contrast, the magnetic field
Hso of the interfacial spin–orbit interaction forces the magnetization to align perpendicular to the
film surface. In a film with the in-plane magnetic anisotropy, the demagnetization field is larger
than the overall magnetic field of the spin–orbit interaction ensuring the in-plane direction of the
easy axis. The main part of this work was completed in March 2018

I. CONDITIONS, ASSUMPTIONS, AXIS
DIRECTIONS

(geometry and material): The static magnetic
properties of a ferromagnetic film are calculated. The
normal of the boundary plane is along the z- direction.
There are no boundaries in the x- and y- direction. The
exchange interaction in the film is strong enough so that
all spins are aligned in the same direction for all calcu-
lated conditions.

(condition):The equilibrium magnetization is in-
plane (within the xy- direction). It is the case of a rel-
atively thick ferromagnetic field, when the demagnetiza-
tion field overcomes the interfacial anisotropy. The bias
magnetic field is applied along the x-axis to make the
equilibrium spin alignment along this axis

(Magnetic fields affecting magnetization):

(field 1 ): Magnetic field created by the spins: H⃗M =

M⃗ . (field 2 ): Demagnetization field: Hdemag,z =
−kdemag ·Mz. (field 3 ): Magnetic field of spin-orbit in-

teraction: H⃗so = k̂soH⃗total.

II. SUMMARY

(Fact) Due to magnetic anisotropy, the magnetization
is aligned along the easy axis. To evaluate the strength of
magnetic anisotropy, an external magnetic field is applied
perpendicular to the easy axis and along the hard axis
(along the film normal). The measured response—how
strongly the magnetization resists being pulled away from
the easy axis—reveals the anisotropy strength.

A. Summary: Anisotropy field

When such a perpendicular field is applied, the mag-
netization tilts away from the easy axis. A fundamental
property of magnetic materials, originating from spin-
orbit interaction and the demagnetization field, is that
the perpendicular component of the magnetization (the
perpendicular-to-plane component, Mz, in this case) is

FIG. 1. Ferromagnetic iron film with in-plane magnetic
anisotropy: geometry. The green ball shows the equilibrium
spin direction along the easy axis, which is oriented in the
film plane (along the x-axis). The strength of the magnetic
anisotropy is probed by applying a tilt field Htilt perpendicu-
lar to the equilibrium spin direction and the film plane (along
the z- axis). The field Htilt forces the spins to tilt away from
the easy axis towards the film normal; the stronger the mag-
netic anisotropy, the larger the value of HHtilt required to
achieve the same tilt angle. A bias magnetic field Hbias is ap-
plied along the easy axis (the x-axis) to enhance the effective
anisotropy field.

linearly proportional to the applied field Mz (See Eq.
31):

Mz

M
=

Hz

Hani
(1)

The proportionality constant is known as the
anisotropy field Hani, which quantitatively defines the
strength of the magnetic anisotropy.
In absence of a bias magnetic field (Hx = 0) the

anisotropy field is calculated as (Eq.(27)):

H0
ani =

2M

1 + kso
[1− (1 + kso)(1− kdemag)] (2)
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where kso is the coefficient of spin-orbit interaction
and kdemag is the coefficient of demagnetization. When
the spin-orbit interaction becomes stronger and kso in-
creases, the anisotropy field decreases. When the surface
becomes smoother and kdemag increases approaching 1,
the anisotropy field increases. Therefore, the smoother
interface can either increase or decrease the anisotropy
field depending on the balance between two contributions
(See Ref.).

In the case when the bias magnetic field Hx is applied
along the easy axis, the anisotropy field is calculated as
(See Eq. 35)

Hani = H0
ani +Hx −Hx

kso
1 + kso

(3)

The second term in the equation corresponds to the
bulk contribution, representing the alignment of magne-
tization along Hx, which doesn’t provide informative in-
sights. Consequently, when conducting data analysis, it
is more advantageous to utilize the relationship between
Hani −Hx, and Hx as

Hani −Hx = H0
ani −Hx

kso
1 + kso

(4)

This approach ensures that the significant bulk contri-
bution does not obscure a potentially weaker dependence
on kso.

In absence of the interfacial spin- orbit interaction or
in the case of isotropic spin-orbit interaction (kso,x =
kso,y = kso,z), which leads to kso = 0, the anisotropy
field is calculated from Eq. 3 as

Hani = H0
ani (5)

Therefore, in absence of spin-orbit interaction or
isotropic spin-orbit interaction the anisotropy field is in-
dependent of the bias magnetic field Hx. From Eq. (2)
the anisotropy field in this case can be calculated as

H0
ani = 2M · kdemag (6)

In case of an ideally smooth interface (kdemag = 1),
Eq. 6 is even more simplified to:

H0
ani = 2M (7)

B. Summary: demagnetization coefficient kdemag

The demagnetization coefficient kdemag can be calcu-
lated from anisotropy field H0

ani as

kdemag = 1− 1−H0
ani/2M · (1 + kso)

1 + kso
=

H0
ani

2M
+

kso
1 + kso

(8)

In the case of an ideally smooth surface kdemag = 1,
the anisotropy field is calculated as

H0
ani =

2M

1 + kso
(9)

In the case of a very rough surface and, therefore,
absence of the demagnetization field kdemag = 0, the
anisotropy field is calculated as

H0
ani = −2M · kso

1 + kso
(10)

It is negative because the existence of the demagneti-
zation field is essential for the existence of the in-plane
anisotropy. Otherwise, the spin-orbit interaction forces
the anisotropy to be only perpendicular to the plane. The
smallest possible demagnetization field, when in-plane
anisotropy still exist H0

ani = 0, is calculated as

ksmallest
demag =

kso
1 + kso

(11)

C. Summary: Magnetization tilting

In a ferromagnetic film, the spins do not align exactly
with the applied magnetic field. Instead, they tend to
tilt away from the field direction toward the easy mag-
netic axis. The relationship between the angle of the
applied magnetic field αH , and the resulting tilt angle of
the magnetization αM is given by (see Eq. 42):

1

tan(αM )
=

H0
ani

H

cos(αM )

sin(αH)
+

1

(1 + kso) tan(αH)
(12)

III. CALCULATIONS OF ANISOTROPY FIELD

A. Minimizing of magnetic energy

The equilibrium magnetization direction of a nano-
magnet is the direction at which magnetic energy is the
smallest. The calculation of magnetic energy is as fol-
lows:

−E = H⃗total · M⃗ = (H⃗ + M⃗ + H⃗demag + H⃗so) · M⃗ (13)

where M⃗ is the magnetization, H⃗total is the total mag-

netic field inside the nanomagnet, H⃗demag is the demag-

netization field and H⃗so is the magnetic field of spin- orbit
interaction (SO).

The magnetic field H⃗so is directly related to the total
magnetic field experienced by an electron. In the pres-

ence of an anisotropy, H⃗so can be described using the

tensor k̂so as:
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Hso = k̂so(H⃗ + M⃗ + H⃗demag) (14)

The z-axis is established as perpendicular to the plane,
while the x-axis is set within the plane. In the case of an
amorphous nanomagnet, anisotropy in spin-orbit inter-
action can occur only between the z- and x-axes. Conse-

quently, the tensor k̂so can be written as follows:

k̂so =

kso,x 0 0
0 kso,x 0
0 0 kso,z

 (15)

The demagnetization field Hdemag is always directed
along the z-axis and is proportional to z- component of
magnetization Mz

Hdemag,z = −kdemag ·Mz (16)

Rewriting Eq. 12 in components gives

−E = Mx · (Hx +Mx +Hso,x)+
+Mz · (Hz +Mz +Hdemag +Hso,z)

(17)

Substitution of Eqs. 13,14,15 into Eq. 16 gives

−E = Mx · (1 + kso,x)(Hx +Mx)+
+Mz · (1 + kso,z)[Hz + (1− kdemag) ·Mz]

(18)

The effective coefficient kso of SO is defined as:

1 + kso =
1 + kso,z
1 + kso,x

(19)

When the spin–orbit interaction is stronger in the di-
rection perpendicular to the film plane than in the in-
plane direction, kso is positive. Conversely, when the
spin–orbit interaction is stronger in the in-plane direc-
tion than in the perpendicular-to-film direction, kso is
negative.

Substitution of Eq. 18 into Eq. 17 gives

−E
1+kso,x

= Mx(Hx +Mx)+

+Mz · (1 + kso)[Hz + (1− kdemag) ·Mz]
(20)

Simplification of Eq. 19 gives

−E
1+kso,x

= M2
x +MxHx +M2

z −M2
z+

+Mz · (1 + kso)[Hz + (1− kdemag) ·Mz]
(21)

or

−E
1+kso,x

= M2 +MxHx +MzHz · (1 + kso)−
−M2

z +M2
z (1 + kso)(1− kdemag)

(22)

Under an applied external magnetic field the magne-
tization M is tilted, but does not change its value. The
ratio between two components of M is:

Mx =
√

M2 −M2
z (23)

Substitution of Eq. 22 into Eq. 21 gives

−E
1+kso,x

= M2 +Hx

√
M2 −M2

z +HzMz(1 + kso)+

M2
z [(1 + kso)(1− kdemag)− 1]

(24)
The equilibrium magnetization angle corresponds to

the orientation where the magnetic energy is at its min-
imum. The minimum can be found from the condition:

∂E

∂Mz
= 0 (25)

B. Anisotropy field in absence of bias magnetic
field

When there is no bias magnetic field (Hx = 0), the
condition specified in Eq.24 yields:

Hz(1 + kso) + 2Mz[(1 + kso)(1− kdemag)− 1] = 0 (26)

Solution of Eq. 25 gives the linear relation between Mz

and Hz as:

Mz

M
=

Hz

H0
ani

(27)

where the anisotropy field H0
ani in absence of the bias

magnetic field (Hx = 0) is calculated as:

H0
ani =

2M

1 + kso
[1− (1 + kso)(1− kdemag)] (28)

C. anisotropy field in presence of bias magnetic
field

Substitution of Eq. 27 into Eq. 23 gives:

−E
1+kso,x

= M2 +Hx

√
M2 −M2

z +HzMz(1 + kso)−

−M2
z

H0
ani

2M
(1 + kso)

(29)
Substitution of Eq. 28 into the condition 24 gives:

−Hx
Mz√

M2−M2
z

+Hz(1 + kso)− 2 ·Mz
H0

ani

2M
(1 + kso) = 0

(30)
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or

Mz
Hx

(1+kso)
√

M2−M2
z

+Mz
H0

ani

M
= Hz (31)

The solution of Eq. 28 is similar to the solution 27 and
can be express as:

Mz

M
=

Hz

Hani
(32)

where the anisotropy field Hani is calculated as:

Hani = H0
ani +Hx

1

(1 + kso)
√

1− M2
z

M2

(33)

The following condition holds true for small to moder-
ate tilting angles:

M2
z

M2
≪ 1 (34)

Thus, even in the presence of an external magnetic
field, there is a linear relation between Mx and Hx. The
anisotropy field Hani is calculated from Eq. 32 as:

Hani = H0
ani +Hx −Hx

[
1

1 + kso
− 1

]
(35)

or

Hani = H0
ani +Hx −Hx

kso
1 + kso

(36)

Equation (35) determines the anisotropy field
in the presence of a bias magnetic field Hx. It
represents the main result of this article.

IV. TILTING ANGLE OF MAGNETIZATION
UNDER AN EXTERNAL MAGNETIC FIELD

APPLIED PERPENDICULARLY TO THE EASY
AXIS

In vacuum, spins align precisely with the external mag-
netic field. In contrast, in a ferromagnetic film, spins
do not align exactly with the applied magnetic field
due to the influence of two additional internal magnetic
fields: the demagnetizing field and the magnetic field of
spin–orbit interaction. In the following, the angle be-
tween the applied magnetic field and the spin direction
is calculated.

The tilt angle αM of the magnetization relative to the
easy axis (the x-axis) is given by

sin(αM ) =
M⊥

M
=

Mz

M
(37)

Taking into account Eq. 1 , Eq. 36 becomes

sin(αM ) =
Hz

Hani
(38)

Taking into account Eq. 32, Eq. 37 becomes

1

sin(αM )
=

H0
ani

Hz
+

Hx

Hz(1 + kso)
√
1− M2

z

M2

(39)

The angle αH , at which the magnetic field is applied,
can be calculated as

tan(αH) =
Hz

Hx
(40)

From Eq.36√
1− M2

z

M2
=

Mx

M
= cos(αM ) (41)

Substitution of Eqs. 40 and 39 into Eq. 38 and using
Hz = H · sin(αH) gives

1

sin(αM )
=

H0
ani

H

1

sin(αH)
+

1

(1 + kso) cos(αM ) · tan(αH)
(42)

From Eq. 41, the final expression describing the re-
lationship between the angle of the applied magnetic field
αH and the resulting tilt angle αM of the magnetization
is obtained as follows:

1

tan(αM )
=

H0
ani

H

cos(αM )

sin(αH)
+

1

(1 + kso) tan(αH)
(43)

In absence of spin-orbit interaction or in the case of
isotropic spin-orbit interaction (kso,x = kso,y = kso,z),
which leads to kso = 0 and H0

ani = 2M · kdemag (see Eq.
6), the magnetization tilting angle is calculated as

1

tan(αM )
= 2kdemag

M

H

cos(αM )

sin(αH)
+

1

tan(αH)
(44)

In the vacuum (kso = 0 and H0
ani = 0), the magneti-

zation is aligned along the external magnetic field:

1

tan(αM )
=

1

tan(αH)
(45)


